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a b s t r a c t
Let sC3 denote the disjoint union of s copies of C3. For each integer t ≥ 2 it is shown that the
disjoint union C5 ∪ (2t)C3 has a strong vertex-magic total labeling (and therefore it must
also have a strong edge-magic total labeling). For each integer t ≥ 3 it is shown that the
disjoint union C4∪(2t−1)C3 has a strong vertex-magic total labeling. These results clarify a
conjecture on the magic labeling of 2-regular graphs, which posited that no such labelings
existed. It is also shown that for each integer t ≥ 1 the disjoint union C7 ∪ (2t)C3 has a
strong vertex-magic total labeling. The construction employs a technique of shifting rows
of (newly constructed) Kotzig arrays to label copies of C3. The results add further weight
to a conjecture of MacDougall regarding the existence of vertex-magic total labeling for
regular graphs.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A total labeling λ of a simple graph G = (V , E) is a bijective map λ : V ∪ E → {1, 2, 3, . . . , |V | + |E|} . The edge-weight
wt(u, v) of an edge with ends u and v is the sum λ(u)+ λ(u, v)+ λ(v). We say that λ is an edge-magic total labeling of G if
the weight of every edge is a constant. The vertex-weight wt(v) of a vertex v is defined aswt(v) = λ(v)+∑ λ(e)where the
sum is over all edges e incident with the vertex v. The total labeling λ is said to be a vertex-magic total labeling(abbreviated
VMTL) if the weight of each vertex is a constant, which is called the magic constant of the VMTL. Examples of VMTLs are
shown in Figs. 3 and 4.
IfG has an edge-magic (respectively vertex-magic) total labeling, thenG itself is called an edge-magic (respectively vertex-
magic) graph. Suppose that λ is an edge-magic total labeling of a 2-regular graph. Then we can easily obtain a VMTL of the
same graph. Indeed, given a component with vertices v1, v2, . . . , vn and edges (vi, vi+1)where the indices are takenmod n,
define α(vi) = λ(vi−1, vi) and α(vi, vi+1) = λ(vi). One sees immediately that α is a VMTL. Similarly one can obtain an
edge-magic total labeling from a VMTL of any 2-regular graph. Since we will only consider 2-regular graphs in this paper,
we will refer to vertex-magic (hence edge-magic) graphs asmagic graphs. An edge-magic total labeling is said to be strong if
the vertices are labeled with the smallest possible integers, 1, 2, . . . , |V |. Similarly a VMTL is said to be a strong VMTL if the
vertices are labeled with the smallest possible integers, 1, 2, . . . , |V |. This definition is not completely standard, as some
authors choose this term to mean that the vertices are labeled with the largest available integers. Fortunately, in the case of
regular graphs, we escape any confusion using the following lemma.
Lemma 1 (From [9]). Let G = (V , E) be a regular graph of degree∆. Assume that λ is a VMTL of G with magic constant h and
define λ to be the total labeling obtained from λ by setting λ(x) = |V | + |E| + 1− λ(x). Then λ is also a VMTL of G with magic
constant (∆+ 1) (|V | + |E| + 1)− h.
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The proof is a straightforward calculation. The VMTL λ in the above lemma is called the dual of λ.
There have been a number of recent papers dealingwith strong VMTLs (also called super VMTLs), including [1,4] and [10].
Godbold and Slater [3] proved that every odd cycle has a strong VMTL. An especially important paper by Ian Gray contains
the following result.
Theorem 1 (Gray [5]). If G is a graph of order n with a spanning subgraph H which possesses a strong VMTL and G − E(H) is
even regular, then G also possesses a strong VMTL.
As a consequence of these two results it follows immediately that every Hamiltonian graph of odd order has a strong
VMTL [5]. From Theorem 1 we also see that the question of determining which 2-regular graphs possess a strong VMTL is
extremely important for the farmore general question of decidingwhich regular graphs of any even degree possess any kind
of VMTL. Gray’s thesis [6] contains an interesting discussion of strong VMTLs of 2-regular graphs. In particular, exhaustive
computer searches have shown [6] that three disconnected graphs, C4 ∪ C3, C4 ∪ 3C3 and C5 ∪ 2C3 do not possess strong
VMTLs (where all unions are disjoint unions). However, all other 2-regular graphs of odd order n ≤ 15 were shown to
possess strong VMTLs, as were all triangle-free 2-regular graphs of order 17. He also showed that for m ≥ 3, the graphs
C3 ∪ C2m and C4 ∪ C2m−1 all possess strong VMTLs. These observations suggested the following:
Conjecture 1 (Gray [6]). A 2-regular graph of odd order possesses a strong VMTL if and only if it is not of the form (2t−1)C3∪C4
or (2t)C3 ∪ C5.
In this paper, we shed light on this conjecture by showing that all graphs of the form (2t − 1)C3 ∪ C4 do indeed possess
strong VMTLs, except for the two cases where t = 1 and t = 2. We also show that all graphs of the form (2t)C3 ∪ C5 possess
strong VMTLs, except for the case where t = 1.
A fewother points should bemade. Edge-magic total labelingswere first studied in [8],where it is shown that all cycles are
magic. In that paper, the authors are the first to ask for a characterization of 2-regularmagic graphs.MacDougall’s conjecture
states that every regular graph of degree at least 2 has a VMTL except for the disconnected graph 2C3. No counterexamples
have been found so far. Wallis has shown [12] that an odd number of disjoint copies of an even regular vertex-magic graph
is also vertex-magic. The proof uses Kotzig arrays, which will also play an important role in this paper.
2. Special Kotzig arrays
In this sectionwe provide the technical heart of the paper. A Kotzig arraywas defined in [12] to be a j×kmatrix, each row
being a permutation of {0, 1, . . . , k− 1} and each column having a constant sum. These arrays were first used in [7]. Since
we are only interested in the case where j = 3 and k = 2m+ 1, we will for notational convenience ‘‘shift’’ the numbers by
subtracting m from every number. Therefore, in each row, we use {−m,−(m − 1), . . . ,m} instead of {0, 1, . . . , 2m}. As a
result, the common column summust be 0.
The following well-known example, after shifting, is due to Kotzig [7].
Example 1. A 3× (2m+ 1) (shifted) Kotzig array:
−m −(m− 1) · · · 0
m m− 2 · · · −m
0 1 · · · m
∣∣∣∣∣ 1 2 · · · mm− 1 m− 3 · · · −(m− 1)−m −m+ 1 · · · −1
After adding (2i − 1)m + i to each element of the ith row of the above example, the resulting array will consist of
elements of the set {1, 2, . . . , 6m+ 3}.Moreover each such element will appear exactly once in the array, and the columns
will partition the set into triples with a constant sum. Such a partition was used to provide a VMTL for (2m + 1)C3 in [2].
Our next goal is to construct a new 3 × (2m + 1)shifted Kotzig array. In the next section, 2m of the resulting 2m + 1 new
columns are used to label vertices of triangles (see Theorems 2 and 4).
Lemma 2. For each positive integer m ≥ 3 there is a 3× (2m+ 1) shifted Kotzig array (using integers−m to m) such that one
of the columns consists entirely of zeros.
Proof. Wewill omit the column consisting entirely of zeros. We will distinguish 4 cases. In case 1 and case 2, the arrays are
of the form [A,−A], with the second half of thematrix being the negative of the first half. As a result wewill only provide the
first half of each matrix for these cases. (One can show that this type of symmetry is possible only ifm(m+ 1) ≡ 0 mod 4,
i.e. in case 1 and case 2).
Case 1:m = 4r, r ≥ 1
If r = 1:
1 2 3 4
3 1 −4 −2
−4 −3 1 −2
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If r > 1:
1 2 · · · 2r
4r − 1 4r − 3 · · · 1





∣∣∣∣∣ 2r + 1 2r + 2 · · · 3r − 1−2 −4 · · · −2r + 2−2r + 1 −2r + 2 · · · −r − 1
∣∣∣∣∣ 3r + 1 3r + 2 · · · 4r − 1−2r − 2 −2r − 4 · · · −4r + 2−r + 1 −r + 2 · · · −1
Case 2:m = 4r − 1, r ≥ 1




If r > 1:
1 2 · · · 2r − 1
4r − 2 4r − 4 · · · 2
−4r + 1 −4r + 2 · · · −2r − 1




2r 2r + 1 · · · 3r − 2
−1 −3 · · · −2r + 3
−2r + 1 −2r + 2 · · · −r − 1
∣∣∣∣∣ 3r 3r + 1 · · · 4r − 2−2r − 1 −2r − 3 · · · −4r + 3−r + 1 −r + 2 · · · −1
Case 3:m = 4r − 2, r ≥ 2
If r = 2:
−6 −5 −4 −3 −2 −1 1 2 3 4 5 6
4 2 6 −2 −4 −3 5 3 1 −1 −6 −5
2 3 −2 5 6 4 −6 −5 −4 −3 1 −1
If r > 2:
−4r + 2 −4r + 3 · · · −2r − 1
4r − 4 4r − 6 · · · 2






−2r + 1 −2r + 2 −2r + 3
−2 −4 −3
2r + 1 2r + 2 2r
∣∣∣∣∣∣
−2r + 4 −2r + 5 · · · −1
−7 −9 · · · −4r + 3
2r + 3 2r + 4 · · · 4r − 2
1 2 · · · 2r
4r − 3 4r − 5 · · · −1
−4r + 2 −4r + 3 · · · −2r + 1
∣∣∣∣∣∣
2r + 1 2r + 3 · · · 4r − 3
−6 −10 · · · −4r + 2






2r + 4 2r + 6 · · · 4r − 2
−8 −12 · · · −4r + 4
−2r + 4 −2r + 6 · · · −2
Case 4:m = 4r − 3, r ≥ 2
−4r + 3 −4r + 5 · · · −2r − 1
4r − 5 4r − 9 · · · 3
2 4 · · · 2r − 2
∣∣∣∣∣−4r + 4 −4r + 6 · · · −2r4r − 3 4r − 7 · · · 5−1 1 · · · 2r − 5
∣∣∣∣∣−2r + 122r − 3
∣∣∣∣∣−2r + 2 −2r + 3 · · · −1−2 −4 · · · −4r + 42r 2r + 1 · · · 4r − 3
1 2 · · · 2r − 3
4r − 4 4r − 6 · · · 4
−4r + 3 −4r + 4 · · · −2r − 1
∣∣∣∣∣ 2r − 2−4r + 32r − 1
∣∣∣∣∣ 2r − 1 2r · · · 4r − 31 −1 · · · −4r + 5−2r −2r + 1 · · · −2
This completes the proof. 
As an immediate consequence, (by discarding the column of 0’s, and by further shifting)we obtain the following technical
lemma,whichwe record since it is exactlywhatweneed in the next section for the labeling of bothC5∪(2t)C3 andC7∪(2t)C3,
(for t ≥ 3).
Lemma 3. Let m ≥ 3 be a positive integer. For each i = 1, 2, 3, let yi be an integer and set Yi = {yi + i|i = 0, 1, . . . , 2m} −
{yi+m}. Assume that yi+1−yi ≥ 2m+1 (for i = 1, 2). Then the sets Yi are pair-wise disjoint and Y1∪Y2∪Y3 can be partitioned
into 2m triples with a constant sum of y1 + y2 + y3 + 3m.
Proof. The sets Yi are clearly pair-wise disjoint. Add yi + m to each element of the ith row of the array in Lemma 2. The
column of zeros will turn into a column with entries yi + m, (for i = 1, 2, 3) and we discard this column. The remaining
columns will form the required triples. 
Remark. One can view Lemma 2 as an example of taking a given array with constant column sum (the single column of
zeros) and completing it to a Kotzig array with 2m+ 1 columns (in this case, form ≥ 3). The next lemma is along the same
lines, with a bigger given array.
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Lemma 4. For each positive integer m ≥ 3 there is a 3× (2m+ 1) shifted Kotzig array (using integers−m to m) such that three
of the columns are as shown:
−m 1 m
0 m− 1 −1
m −m −(m− 1)
Proof. We will omit the three columns from the given array (with a constant column sum of zero). There are two cases.
Case 1:m = 2r, r ≥ 2
If r = 2:
−3 −2 −1 0 2 3
1 4 2 −3 −2 −4
2 −2 −1 3 0 1
If r > 2:
−2r + 1 −2r + 2 · · · −3
1 2 · · · 2r − 3
2r − 2 2r − 4 · · · −2r + 6
∣∣∣∣∣ −2 −1 0 2r − 2 2r − 12r 2r − 2 −2r + 1 −2 −4−2r + 2 −2r + 3 2r − 1 −2r + 4 −2r + 5
2 4 · · · 2r − 4
−2r + 3 −2r + 5 · · · −3
2r − 5 2r − 9 · · · −2r + 7
∣∣∣∣∣ 3 5 · · · 2r − 3−2r −2r + 2 · · · −62r − 3 2r − 7 · · · −2r + 9
Case 2:m = 2r − 1, r ≥ 2
If r = 2:
−2 −1 0 2
3 1 −2 −3
−1 0 2 1
If r > 2:
−2 −1 0 2r − 2
2r − 1 2r − 3 −2r + 2 −3
−2r + 3 −2r + 4 2r − 2 −2r + 5
3 5 · · · 2r − 3
−2r + 1 −2r + 3 · · · −5
2r − 4 2r − 8 · · · −2r + 8
∣∣∣∣∣ 2 4 · · · 2r − 4−2r + 4 −2r + 6 · · · −22r − 6 2r − 10 · · · −2r + 6
∣∣∣∣∣−2r + 2 −2r + 3 · · · −31 2 · · · 2r − 42r − 3 2r − 5 · · · −2r + 7
This completes the proof. 
As a consequence, by discarding the given 3 × 3 array and by shifting, we obtain the following lemma (needed for our
proof of Theorem 3).
Lemma 5. Let m ≥ 3 be a positive integer and let Y = {1, 2, . . . , 6m − 1} − {m + 1, 2m, 3m, 3m + 1, 4m}. Then Y can be
partitioned into 2m− 2 triples with a constant sum of 9m+ 1.
Proof. We adjust the array from Lemma 4 by discarding the 3 given columns. To the remaining array we add m to each
element of the first row, 3m+ 1 to each element of the second row and 5m to each element of the third row. The constant
column sum is therefore m + (3m + 1) + 5m = 9m + 1 as required. A careful enumeration of this new array shows that
each element of Y occurs exactly once, and that there are no other elements. 
Remark. In the proof of Theorem 3, the labels from Y will be used to label 2m− 2 triangle vertices, and the deleted labels,
m+ 1, 2m, 3m, 3m+ 1, 4m as well as 6m and 6m+ 1 will be used to label vertices of C4 ∪ C3.
In light of Lemmas 2 and 4, as well as the remark preceding Lemma 4, we ask the following question:
Kotzig Completion Problem: Given a j × k array A with constant column sum, and k′ ≥ k, can A be completed to a j × k′
Kotzig array?
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Fig. 1. Pentagon labels.
Fig. 2. Labels on a triangle of C5 ∪ sC3 .
3. Magic labelings
In this section, we will use the notation [x1, x2, x3, . . . x2k] to denote labels of a cycle of length k in the sequence vertex-
edge-vertex-edge and so on. Thus, x1 is the label of a vertex with weight x1 + x2 + x2k.
Theorem 2. For each positive integer t ≥ 3 the disjoint union C5 ∪ (2t)C3 has a strong vertex-magic total labeling, with magic
constant h = 21t + 19.
Proof. The proof is by construction. The vertex labels, in some order, must be 1, 2, . . . , 6t+5. Furthermore, the edge labels,
in some order, must be 6t + 6, 6t + 7, . . . , 12t + 10. First label the pentagon as follows:
[t + 1, 11t + 10, 3t + 2, 7t + 7, 4t + 3, 10t + 9, 5t + 4, 6t + 6, 6t + 5, 9t + 8].
(See Fig. 1). Note that for each pentagon vertex label x (other than 6t + 5), the label x+ 6t + 6 is used on some pentagon
edge. This observation assists with the straightforward verification that for each remaining vertex label x, the label x+6t+6
is still available for an edge. Each triangle will be labeled in the form [a, c + 6t + 6, b, a + 6t + 6, c, b + 6t + 6] (i.e. for
each triangle vertex label x, its opposite edge will be labeled x + 6t + 6, as in Fig. 2). From this, we see that each triangle
vertex must have a weight of a+ b+ c+ (12t+12). Therefore we only need to ensure that the sum of vertex labels on each
triangle is h− (12t + 12) = 9t + 7. Thus we no longer need to consider the edge labels. Obtain the vertex labels (i.e. the 2t
triples with constant sum) by applying Lemma 3, settingm = t, y1 = 1, y2 = 2t + 2 and y3 = 4t + 4. It follows that every
vertex has the same weight. Observe that for each i = 1, 2, 3, the label yi +m is already in use on a pentagon vertex, as are
the labels y3 − 1 and 6t + 5. An easy enumeration now shows that each label 1, 2, . . . , 6t + 5 is used on exactly one vertex
and that each label 6t + 6, . . . , 12t + 10 is used exactly once on each edge. The result follows. 
Fig. 3 shows the example where t = 4.
Corollary 1. For each positive integer t ≥ 2 the disjoint union C5 ∪ (2t)C3 has a strong vertex-magic total labeling, with magic
constant h = 21t + 19.
Proof. If t ≥ 3 the result follows from the previous theorem. Therefore, we can assume that t = 2. Our strong VMTL uses
the same pentagon labeling as in the proof of the previous theorem, namely:
[3, 32, 8, 21, 11, 29, 14, 18, 17, 26].
The triangles are labeled: [1, 27, 15, 19, 9, 33], [2, 28, 13, 20, 10, 31], [4, 23, 16, 22, 5, 34] and [6, 25, 12, 24, 7, 30]. 
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Fig. 3. A strong VMTL of C5 ∪ 8C3 .
Fig. 4. A strong VMTL of C4 ∪ 9C3 .
Theorem 3. For each positive integer t ≥ 3 the disjoint union C4 ∪ (2t − 1)C3 has a strong vertex-magic total labeling with
magic constant 21t + 5.
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Proof. The proof is very similar to that of the previous theorem. The vertex labels, in some order, must be 1, 2, . . . , 6t + 1.
Furthermore, the edge labels, in some order must be 6t+2, 6t+3, . . . , 12t+2. First, we label two components, C4∪C3 as:
[t + 1, 12t + 2, 2t, 7t + 3, 4t, 10t + 2, 3t + 1, 8t + 2]
[3t, 9t + 3, 6t, 6t + 2, 6t + 1, 9t + 2].
Note that for each vertex label x 6= 6t + 1 used so far, the label x + 6t + 2 has also been used. This allows for easy
verification that for each unused vertex label x, the label x + 6t + 2 is still available for an edge. The 2t − 2 remaining
triangles will all be labeled in the form [a, c + 6t + 2, b, a + 6t + 2, c, b + 6t + 2]. Since each such triangle vertex will
have a weight of a + b + c + 12t + 4, we only need to ensure that the sum of vertex labels on each remaining triangle is
h − (12t + 4) = 9t + 1. We no longer need to consider edge labels. The remaining vertex labels must come from the set
{1, 2, . . . , 6t − 1} − {t + 1, 2t, 3t, 3t + 1, 4t}. Apply Lemma 5 by settingm = t and the result follows. 
Theorem 4. For each positive integer t, the disjoint union C7∪(2t)C3 has a strong vertex-magic total labelingwithmagic constant
h = 21t + 26.
Proof. For t = 1, we have the following strong VMTL, adapted from [6]:
[1, 21, 11, 15, 10, 22, 8, 17, 7, 23, 6, 18, 4, 25], [2, 19, 12, 16, 5, 26], [3, 20, 13, 14, 9, 24].
For t = 2,we have:
[1, 37, 3, 28, 2, 38, 7, 23, 9, 36, 11, 21, 17, 30]
[4, 31, 15, 22, 13, 33], [5, 29, 19, 20, 14, 34], [6, 27, 16, 25, 8, 35][10, 26, 18, 24, 12, 32].
Now assume that t ≥ 3. The rest of the proof will be similar to the proof of Theorem 2. The 7-gon will be labeled as
follows:
[1, 12t + 14, t + 2, 8t + 10, 2t + 3, 11t + 13, 3t + 4, 7t + 9, 4t + 5, 10t + 12, 5t + 6, 6t + 8, 6t + 7, 9t + 11].
Each triangle edge will have a label that is 6t + 7more than its opposite vertex. Obtain the vertex labels (i.e. obtain 2t
triples) by applying Lemma 3 with m = t, y1 = 2, y2 = 2t + 4 and y3 = 4t + 6. (Observe that for i = 1, 2, 3, the labels
yi +m and yi − 1 are used for 7-gon vertex labels). The result follows. 
4. Concluding remarks
Each strong VMTL of a 2-regular graph can be used to obtain strong VMTLs for a wide variety of other 2-regular graphs,
using a new result from [11]. Indeed, let G be isomorphic to a disjoint union G ∼= Ck1 ∪ · · · ∪ Ckl of cycles with index set
I = {1, 2, . . . l}. Let J be any subset of I . Let p be any odd positive integer and let GJ = (⋃i∈J pCki) ∪ (⋃i∈I−J Cpki), where all
unions are disjoint. It is shown [11] that if G has a VMTL (respectively strong VMTL) then Gj has a VMTL (respectively strong
VMTL). For example, just by considering p = 3, the strong VMTL in the proof of Corollary 1 can be used to obtain strong
VMTLs for many graphs, including 3C5 ∪ 2C9 ∪ 6C3 and C15 ∪ C9 ∪ 9C3. Thus, all of the examples from [6] (described in the
introduction) can also be used to generate other examples.
All of the preceding results actually provide further evidence that Gray’s approach is an excellent one, and thus the odd
order part of MacDougall’s conjecture might be within reach. We suggest the following slightly modified version of Gray’s
conjecture.
Conjecture 2. A 2-regular graph of odd order possesses a strong VMTL if and only if it is not one of C4 ∪ C3, C4 ∪ 3C3 or C5 ∪ 2C3.
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